We prove an explicit upper bound on the amount of entanglement required by any strategy in a twoplayer cooperative game with classical questions and quantum answers. Specifically, we show that every strategy for a game with n-bit questions and n-qubit answers can be implemented exactly by players who share an entangled state of no more than 5n qubits-a bound which is optimal to within a factor of 5/2. Previously, no upper bound at all was known on the amount of entanglement required even to approximate such a strategy. It follows that the problem of computing the value of these games is in NP, whereas previously this problem was not known to be computable.
Introduction
Consider a game with two cooperating players wherein Player I is asked question s and Player II is asked question t. In order to win the game, the players must provide answers-a from Player I and b from Player II-such that the 4-tuple (s, t, a, b) satisfies some prespecified boolean evaluation function f . The questions s, t are typically chosen according to some prespecified probability distribution D and the players may not communicate with each other after they have received their questions. In particular, Player I never learns the question t sent to Player II, and vice versa. Given an explicit description of a boolean evaluation function f and a distribution D over questions, the computational problem of deciding whether the players can win the game induced by f and D with high probability is known to be NP-complete.
This problem has a detailed history in the theoretical computer science community. Its origins lie in the study of multi-prover interactive proofs [BOGKW88] . The surprising fact that these multi-prover interactive proofs capture the expressive power of nondeterministic exponential time [BFL91] led to the discovery of the PCP Theorem [ALM + 98, AS98]-a critical breakthrough that established the NP-completeness of many approximation problems. (The acronym PCP stands for "probabilistically checkable proof".)
An entangled game is an interesting variant of this model wherein the two players are permitted to share between them an entangled quantum state of arbitrarily large or even infinite dimension. While the players still cannot communicate with each other directly, they may each perform some physically realizable process on their own portions of the shared quantum state so as to correlate their answers in ways that might not be possible in the absence of shared entanglement.
Entangled games are notoriously difficult to study. In general, it is not even known whether this new ability of the players makes it easier or harder to ascertain the existence of a winning strategy. For certain special cases such as unique games or XOR games, there is compelling evidence that the presence of shared entanglement makes it significantly easier to compute the players' maximum success probability. Indeed, unique games with shared entanglement can be approximated in deterministic polynomial time [KRT08] , whereas unique games without shared entanglement are NP-complete. (The popular Unique Games Conjecture asserts that it is NP-complete to produce even the weakest approximation to these games.) For XOR games, the complexity class induced by the associated multi-prover interactive proofs is weakened by the presence of shared entanglement from nondeterministic exponential time [CHTW04, Hås01] all the way down to a subset of QIP(2) [Weh06] , which is contained in PSPACE [JUW09, JJUW09] . These games also possess a strong parallel repetition property that is known not to hold in the absence of shared entanglement [CSUU07] .
At the other extreme, it is nontrivial even to establish the most basic fact that the maximum success probability of an entangled game-its value-is a computable number [DLTW08, NPA08] . Indeed, this value is still not known to be computable for more general variants of the model in which the questions and/or answers are qubits instead of bits, or there are more than two players. Despite this huge upward range of possibilities, existing hardness results for these more general models tell us only that it is NPhard to solve entangled games with either (i) two players with quantum questions and answers, or (ii) three players with classical questions and answers [KKM + 08]. (See also Refs. [IKP + 08, CGJ09].) For all we know, these entangled games could be hard for, say, nondeterministic triple-exponential time.
A natural approach to computing the value of an entangled game is a brute-force search over all possible strategies of the players. The difficulty in this approach stems primarily from the fact that, prior to the present work and with the exception of two special cases, there were no known bounds on the amount of entanglement the players might need to share in order to play an entangled game optimally. Thus, there is no obvious way to search the space of possible strategies, as this space contains a potentially infinite hierarchy of strategies that require ever more bits of information simply to describe them.
Intuitively, we expect that the marginal utility of added entanglement must eventually diminish, and that a brute-force search through the infinite space of strategies can be safely truncated at some suitably large finite size. Indeed, this is the case, provided we define the value ω(G) of an entangled game G as the limit in large d of the maximum success probability ω d (G) for strategies that share d-dimensional entangled states. However, no one has been able to prove a bound on the rate of convergence of such a sequence {ω d (G)} that holds for all games G. As a consequence, no one has been able to identify a point at which it is safe to truncate a brute-force search.
Present work aside, the two known exceptions to this state of affairs are (i) XOR games, and (ii) games with only two possible questions and answers for each player. In an XOR game, the players' answers are only one bit long and the boolean evaluation function f that determines the success or failure of the players depends only upon s, t, and the exclusive-OR a⊕b of the bits a and b, but not upon either a or b individually. It is known that a game of this form with n-bit questions has an optimal strategy in which the players share 2 n−1 entangled qubits [CHTW04, Cir80] . Even for this restricted class of entangled games, the bound on the amount of shared entanglement is intractable. However, Cleve, Høyer, Toner, and Watrous also show that an optimal strategy for an XOR game can be approximated to arbitrary precision by a strategy that requires a number of shared qubits that scales linearly with n [CHTW04] . For the other class of entangled games for which an upper bound on shared entanglement is known-the class with only two possible questions and answers for each player-Masanes has shown that only one qubit is required for each player, and that this result holds for an arbitrary number of players [Mas05] .
To the best of our knowledge, the only nontrivial lower bound on the amount of shared entanglement required for an entangled game is due to Wehner, Christandl, and Doherty [WCD08] .
Our contribution
In this paper we establish the first explicit upper bound on the amount of entanglement required to implement any strategy in any entangled game. Indeed, our result covers the more general class of games where the players' answers are qubits instead of bits. Specifically, we prove the following. For each strategy for G in which the players share a finite number of entangled qubits there exists an equivalent strategy in which the players share no more than r = min(m, n) + 2p + 2q entangled qubits.
As a consequence, any strategy that can be approximated to arbitrary precision in the limit of finite entanglement-even those strategies which call for infinite entanglement-can be implemented exactly with no more than r entangled qubits.
In particular, if the questions are all n bits long and the answers are all n qubits long then the players need only share a state of at most 5n qubits in order to play optimally. This linear upper bound on required entanglement is optimal to within a factor of 5/2, as it is easy to construct a strategy for an entangled game with quantum answers that cannot be implemented exactly with fewer than 2n qubits of shared entanglement. (To see this, consider a strategy in which the players produce a maximally entangled pure state on their 2n combined answer qubits.) Moreover, our result shows that a game in which one player's questions are much longer than the other's need not require much entanglement, as we may choose the tighter of two bounds from Theorem 1.
Our result contrasts starkly with that of Leung, Toner, and Watrous, who exhibit a two-player entangled game with quantum questions and quantum answers that does not admit an optimal strategy with any finite amount of shared entanglement [LTW08] . Rather, the optimal strategy for their game is achieved only in the limit of finite shared entanglement.
Theorem 1 has several implications for the complexity of entangled games and multi-prover interactive proofs. For entangled games with classical questions and answers, finding the game's value was known merely to be a computable problem [DLTW08, NPA08] . The analogous problem for classical questions and quantum answers was not known to be computable. Theorem 1 implies that both of these problems lie inside NP.
For multi-prover interactive proofs, the complexity class MIP * (2, 1) of decision problems provable by two entanglement-sharing provers in one round of classical communication with a verifier was known only to be computable. Combining notation from Refs. [KMY03, MW05] , we define the complexity class QAM(2) to be the class obtained from MIP * (2, 1) by allowing the provers to send quantum information to the verifier and allowing the verifier to perform quantum measurements on that information. It is clear that MIP * (2, 1) ⊆ QAM(2), and the class QAM(2) was not known to be computable. Theorem 1 implies that
where NEXP denotes the class of decision problems solvable in nondeterministic exponential time.
Unfortunately, Theorem 1 does not yield precise characterizations of the classes MIP * (2, 1) or QAM(2), nor does it establish NP-completeness for the two aforementioned problems pertaining to entangled games. This state of affairs follows from the fact, mentioned above, that known hardness results for entangled games hold only for games with either (i) two players with quantum questions and answers, or (ii) three players with classical questions and answers. By contrast, our result holds only for two-player entangled games with classical questions and quantum answers-a case not covered by these hardness results. However, Kempe et al. did establish a lower bound PSPACE ⊆ MIP * (2, 1) that applies to our case [KKM + 08]. In addition to the previous citations, multi-prover interactive proofs with quantum questions and answers were also studied in Refs. [KM03, KKMV08] . An interesting "dual" form of these proofs-wherein the provers are allowed unlimited classical communication but share no entanglement-has been studied in Refs. [KMY03, ABD + 08, BOHP08].
Mathematics and notation
Finite-dimensional complex Euclidean spaces C n are denoted by capital script letters such as A, B, E, F. For any Hermitian operator A ∈ H(A), the image im(A) of A is the subspace of A given by
Given a spectral decomposition
of A, the subspace im(A) is given by the formula im(A) = span{v 1 , . . . , v rank(A) }. Any Hermitian operator B ∈ H(A) whose image is contained in im(A) can be written We assume familiarity with the notation and terminology of quantum information. What follows is intended to clarify any inconsistency with convention. Quantum operations are completely positive and trace-preserving super-operators. A quantum measurement for a quantum system with associated space A and having outcomes indexed by a is a set {P a } ⊂ H + (A) of positive semidefinite operators with the property that a P a = I A .
The probability with which the measurement {P a } yields outcome a when applied to a system in state ρ ∈ D(A) is given by the inner product Tr(P a ρ). D(A ⊗ B) .
The main result
In order to produce these states, the players initially share a state τ of some bipartite system E ⊗ F, which could have arbitrarily large dimension. Given question s, Player I implements her portion of the strategy by applying some physically realizable quantum operation Ψ s : L(E) → L(A) to her portion of the shared state τ . Similarly, given question t, Player II applies a quantum operation Φ t : L(F) → L(B) to his portion of τ . In particular, we have
for all questions s, t.
One way to bound the amount of entanglement required for the players to implement the strategy described by {σ s,t } is to find alternate spaces E ′ , F ′ of small dimension, an alternate state τ ′ ∈ D(E ′ ⊗ F ′ ), and alternate quantum operations {Ψ ′ s } and {Φ ′ t } such that
for all s, t. However, the reduced states Tr F (τ ), Tr E (τ ) corresponding to the portions of τ held by Players I and II can have arbitrarily large rank, so it is not immediately clear how to find alternate low-dimensional spaces E ′ , F ′ with the desired property. We accomplish this goal by considering the compact convex set C of all possible reduced states Tr E (τ ) for Player II that are consistent with some strategy for the players that produces answers {σ s,t }. The main technical contribution of the present paper is a proof that any extreme point ρ of C is supported on a lowdimensional subspace of F. Given this fact, it is relatively straightforward to recover a low-dimensional shared state and quantum operations for each of the players that yields {σ s,t }.
Our proof is inspired by a theorem of Watrous concerning the minimum rank of a preimage of a positive super-operator [Wat08, Theorem 5]. Watrous' theorem is a refinement of a fundamental result in mathematics about the rank of extreme points of sets of positive semidefinite operators obeying a given collection of linear constraints. (See, for example, Section 13 of Chapter II of Barvinok [Bar02] .) Both of these prior results concern convex sets that can be described as an intersection of the positive semidefinite cone with some affine subspace. In particular, they rely upon the existence of an explicit description of the facial structure of this intersection.
By contrast, our result concerns a set that is the image of such an intersection under a linear transformation (namely, the partial trace). It is not clear how to obtain an explicit description of the facial structure of this image. As such, it is not clear that existing techniques suffice for our purpose. Fortunately, the specific details of our particular situation admit some new tactics that allow us to achieve our goal.
So that we may state our result concisely, let us formally define what it means for a strategy with finite entanglement to yield {σ s,t }. 
with the property that (Ψ s ⊗ Φ t ) (τ ) = σ s,t for all s, t. Proof. Let E, F be spaces, let τ ∈ D(E ⊗ F) be a state, and let
Theorem 1 (Main result, formal version). Every set {σ s,t } ⊂ D(A ⊗ B) of quantum states indexed by
be quantum operations witnessing the fact that {σ s,t } is achievable by shared entanglement with finite dimension. We will exhibit spaces E ′ , F ′ of small dimension, a pure state v ∈ E ′ ⊗ F ′ , and quantum operations
for all s, t.
To begin, let C ⊂ D(F) denote the set of all density operators ρ such that there exist density operators ρ 1 , . . . , ρ M ∈ D(A ⊗ F) with the property that
for all s, t. These states are illustrated in Figure 1 .
It is easy to verify that C is compact and convex. To see that C is non-empty, we note that Tr E (τ ) is an element of C, as witnessed by the density operators τ 1 , . . . , τ M given by τ s = (Ψ s ⊗ ½ F ) (τ ). As C is compact, convex, and non-empty, we may therefore choose an extreme point ρ from C. By the end of the proof, we shall see that the spaces E ′ , F ′ that we seek each have dimension equal to that of the image of this extreme point ρ. For now, we write F ρ = im(ρ).
Let us bound the dimension of F ρ . Let ρ 1 , . . . , ρ M ∈ D(A ⊗ F ρ ) be density operators witnessing the membership of ρ in C. For each s, let A s denote the image of Tr F (ρ s ), which is a subspace of A. Let A min
Figure 1: A two-player entangled game. The players begin with a fixed shared state τ . Given questions s, t, Player I applies Ψ s to her portion of τ , while Player II applies Φ t to his portion of τ . The state of the system after Player I has applied Ψ s but before Player II has applied Φ t is ρ s . The state of the system after both players have applied their operations is σ s,t .
be any subspace of A with dim(A min ) = min s (dim(A s )). Define the real subspaces Y ⊂ H(A ⊗ F) and
That is, X is the image under Tr A of the space Y of all Hermitian operators Y in the null space of (½ A ⊗ Φ t ) for all t and whose image is contained in A min ⊗ F ρ . Note that Tr(Y ) = 0 for all Y ∈ Y, which follows from the fact that (½ A ⊗ Φ t ) is trace-preserving. First, we compute a lower bound on the dimension of X. It is clear that
Viewed as a linear operator from the real vector space H(A min ⊗ F ρ ) to H(F ρ ), the partial trace Tr A has a kernel of dimension dim(A min ⊗ F ρ ) 2 − dim(F ρ ) 2 . Letting Tr A | Y denote the restriction of Tr A to the domain Y, it follows from the Dimension Theorem that
and hence
Next, we argue that dim(X) = 0. Consider any element X ∈ X-our goal is to show that X = 0. Suppose toward a contradiction that X = 0 and choose any Y ∈ Y with Tr A (Y ) = X. (As X is nonzero, so too must be Y .) For each s, let A s : A min → A s be any isometry. (Such an operator must exist, as A min has minimal dimension among all A s .) Let
and observe that Y s satisfies
As Y s is Hermitian and im(Y s ) ⊆ A s ⊗ F ρ , we have that
where Π As⊗Fρ ∈ H + (A ⊗ F) denotes the projection onto the subspace A s ⊗ F ρ . Let λ min (ρ s ) denote the smallest nonzero eigenvalue of ρ s and let ε s = λ min (ρ s )/ Y s . Given that λ min (ρ s )Π As⊗Fρ ρ s , it follows that ±εY s ρ s for any ε ≤ ε s . As Y s is traceless, ρ s ± εY s is a density operator. We have
As ρ s ± εY s is a density operator, so too must be ρ ± εX. As these properties hold for all s, it follows that ρ ± εX are both elements of C, provided that ε ≤ min s (ε s ). Given that X = 0 and
it must be that ρ is not an extreme point of C, which contradicts our choice of ρ. We have therefore proven by contradiction that dim(X) = 0.
This is the desired bound on the dimension of F ρ . From here, it is relatively straightforward to recover a witness to the fact that {σ s,t } is achievable by shared entanglement of low total dimension. The space E ′ that we seek has dimension equal to that of F ρ . Let u ∈ E ′ ⊗ F be any purification of ρ and let Z be a space large enough to admit purifications
(Such an operator must exist, as E ′ has minimal dimension among all spaces that admit purifications of ρ.) Finally, let
At this point, we have replaced E with a low-dimensional space E ′ . Let us also replace F with a lowdimensional space. Let F ′ be any space with dimension equal to that of F ρ , which we know to be small. Employing the Unitary Equivalence of Purifications once again, we may select an isometry W : F ′ → F and vectors v ∈ E ′ ⊗ F ′ and v 1 , . . . , v M ∈ Z ⊗ A ⊗ F ′ with
for all s, t as claimed at the beginning of this proof.
To finish the proof, we note that
as claimed in the statement of the theorem. By symmetry, we may repeat this entire proof to obtain a similar construction witnessing the fact that {σ s,t } is also achievable by shared entanglement of total dimension at most
thus achieving the minimum in the statement of the theorem.
Application to entangled games
The applications of Theorem 1 mentioned in the introduction follow in a relatively straightforward manner. For completeness, we provide formal statements of those applications in this section.
An entangled game G = (M, N, A, B, π, P) with classical questions and quantum answers is specified by:
• Positive integers M, N, A, B. Here M, N denote the number of possible questions for Players I and II, respectively, whereas A, B denote the dimension of the spaces A, B corresponding to the answers of Players I and II, respectively.
• A probability distribution π on pairs (s, t) of questions for the players.
• A family P of quantum measurements {P s,t win , P s,t lose } indexed by questions s, t that dictates the result of the game. In particular, for all s, t it holds that P s,t win , P s,t lose are elements of H + (A ⊗ B) satisfying P s,t win + P s,t lose = I A⊗B . For any such game G and any positive integer d we define ω d (G) to be the maximum probability with which the players can win the game sharing d-dimensional entanglement. That is, ω d (G) is the maximum real number p for which there exists a set {σ s,t } of states achievable by shared entanglement of total dimension d such that
The value ω(G) of G is defined by
Corollary 3 (Entangled games are in NP). The following problem is in NP:
Input. A real number p, an accuracy parameter ε > 0, and an entangled game G = (M, N, A, B, π, P) with classical questions and quantum answers.
The distribution π and the measurement family P are each given explicitly: for each s = 1, . . . , M and t = 1, . . . , N , the probability π(s, t) is given in binary, as are the real and complex parts of each entry of the matrices P s,t win , P s,t lose .
Yes. The value ω(G) of the game G is at least p.
No. The value ω(G) of the game G is at most p − ε.
Remark 4. The accuracy parameter ε in Corollary 3 is required only to avoid complications due to the limitations inherent in representing real numbers with finite precision.
Proof sketch for Corollary 3. By Theorem 1, every strategy for G-even those strategies described as a limit of finite shared entanglement-can be described to exponential precision using a number of bits that is bounded above by some fixed polynomial in the bit length of the description of G. Thus, for any input to the problem, a purported winning strategy can be verified in time polynomial in the bit length of G.
A verifier is a polynomial-time quantum procedure that, given a binary string x as input, produces two random classical questions s, t. The verifier then receives an answer σ s,t and implements a measurement {P s,t win , P s,t lose } on σ s,t . It is clear that every such verifier induces an entangled game G x for every bit string x. Moreover, if G x were described in a form compatible with the input to the "entangled games" problem of Corollary 3 then this description could have size exponential in the bit length of x.
A decision problem P is said to admit a two-prover one-round interactive proof with classical questions and quantum answers if there exists a verifier G x such that for every input string x the following conditions hold:
Completeness. If x is a yes-instance of P then the value ω(G x ) of the game G x is large.
Soundness. If x is a no-instance of P then the value ω(G x ) of the game G x is small. By "large" and "small" we mean "larger than c(|x|)" and "smaller than s(|x|)" for some polynomial-time computable functions c, s : N → [0, 1] and a polynomial-time computable integer polynomial p : N → N such that c(|x|) − s(|x|) ≥ 1/p(|x|) for all x, as is standard in the study of interactive proofs.
The complexity class QAM(2) consists of all decision problems that admit a two-prover one-round interactive proof with classical questions and quantum answers. The complexity class MIP * (2, 1) consists of all decision problems that admit a two-prover one-round interactive proof with a polynomial-time classical verifier. (Hence, the questions and answers are all classical, too.) Corollary 5. MIP * (2, 1) ⊆ QAM(2) ⊆ NEXP.
Open problems
Perhaps the most pressing problem left open by the present paper is to find a bound on the amount of entanglement required in order implement optimal strategies for entangled games with quantum questions and quantum answers. Indeed, games of this form are still not even known to be computable. A major hurdle that must be cleared by any solution to this problem is the fact that there exist entangled quantum games for which the optimal strategy cannot be achieved with any finite amount of shared entanglement [LTW08] . (By contrast, our result shows that this hurdle is absent in games with classical questions.) In light of this fact, the challenge shifts from bounding the amount of entanglement required to implement a strategy exactly to bounding the amount of entanglement required to approximate a strategy to arbitrary precision.
A further challenge is to extend such a solution to entangled games with more than two players. It follows from Kempe, Kobayashi, Matsumoto, and Vidick [KKMV08] that any progress in this direction would immediately imply progress for an even broader class of entangled games with many rounds of interaction between the players and the referee.
It would also be nice to have more lower bounds for entangled games. To date, all known lower bounds apply only to two-player games with quantum messages or to three-player games with classical messages, but not to the class of games considered in the present paper. Does QAM(2) = NEXP? Does MIP * (2, 1) = NEXP?
